
BOOK III
New Research on the Dialectical Structure 
of Mathematics*

The essays of this series will be devoted to dogmatic philosophy without restriction 
of any kind, neither for the objects considered, nor for the processes employed. The 
unity, if it appears, – it will in any case never be sighted consciously – could only 
be original – infl uences undergone –, or also aspirational, a certain concern by 
which we have a sense of community. To be more specifi c about what was only a 
method would be altogether in vain: any requirement for clarifi cation that does 
not satisfy the current instruments of scientifi c techniques, or their normal devel-
opment, is philosophical. It is possible that these change and render our problems 
devoid of meaning: as was the case for rational evidence after the crisis of mathe-
matical infi nity. In the contemporary system of notions and processes of authentic 
thought, that is, confi rmed by the least experience, the philosopher has their own 
activity that recognizes its contents, by discovering the true consequences and 
the relations. It is not a matter of subordination to science or renunciation of the 

* This essay, published in 1939, was the fi rst of a series called Essais philosophiques, 
created by Jean Cavaillès and Raymond Aron at Hermann publishers. It is known 
from a letter by Cavailles to Lautman that this essay was closely associated with 
the drafting of this Introduction that is worthy of a manifesto. In the series there 
were only four volumes in total that appeared. In 1939, in addition to this one, 
The Emotions: Outline of a Theory by Jean-Paul Sartre (1939), and in 1946 two that 
were posthumous: Transfi ni et Continu by Jean Cavaillès (1947); Symmetry and 
dissymmetry in mathematics and physics by Albert Lautman (1946, included in this 
volume).
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fundamental questions of metaphysics or morality, but an effort to address these 
issues in an effective way. At the level of specifi c diffi culties, arising from effective 
research, subject to the sanctions of failure, refl ection for us begins. Whether they 
are of an original nature, we become conscious of them by exercising them: nei-
ther pure intuition nor abstract dialectic, it is initially critical ordeals, doubt and 
care for the other. What we are trying to say has the ambition to be true and, as 
such, must participate in the destiny of all knowledge, informed by a conceptual 
architecture whose structural rigor as well as power of change lend themselves to 
communication: philosophia perennis sed in actione hominis manifesta.1

Jean Cavaillès and Raymond Aron
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Foreword

This essay consists of two distinct parts: in the fi rst, developing the ideas 
of our principal thesis (Lautman 1938b), relative to the participation of 
Mathematics in a Dialectic that governs it, we try to show in an abstract 
way how the understanding of the Ideas of this Dialectic is necessarily 
extended in the genesis of effective mathematical theories. We rely for this 
on certain essential distinctions in the philosophy of Heidegger who seems 
to agree in a remarkable way with the metaphysical problem envisaged. 
In the second part, instead of descending from the abstract to the concrete, 
we work backwards: we examine a particular mathematical theory, the 
analytic theory of numbers, in which it is possible to grasp in a concrete 
way the necessity, in order to understand the reason of certain results, of 
relating them to the structural Ideas of a higher dialectic.

It may seem strange to those who are used to separating the ‘moral’ sci-
ences from the ‘exact’ sciences, to see, reunited in the same work, refl ec-
tions on Plato and Heidegger, and remarks on the law of quadratic 
reciprocity or the distribution of prime numbers. We would like to have 
shown that this rapprochement of metaphysics and mathematics is not 
contingent but necessary.
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CHAPTER 1
The Genesis of the Entity from the Idea

We tried in a previous work (Lautman 1938b) to show in a few examples 
how in mathematics the ideal relations of a dialectic abstract and superior 
to mathematics is realized in concrete ways. It is in this sense that the 
intrinsic reality of mathematics appeared to us to reside in its participation 
in the Ideas of this dialectic which governs them. We do not understand by 
Ideas the models whose mathematical entities would merely be copies, but 
in the true Platonic sense of the term, the structural schemas according to 
which the effective theories are organized. This distinction between dialec-
tic and mathematics leads us to a more precise analysis of the nature of 
the ‘governing’ (domination) relation that exists between dialectical Ideas 
on the one hand, and mathematical theories on the other.

The most habitual sense of a governing relation between abstract Ideas 
and their concrete realization is the cosmological sense, and a cosmological 
interpretation of such a relation is based almost entirely on a theory of 
creation. The existence of a matter that is the receptacle of the Ideas is not 
implied by the knowledge of the Ideas. It is a sensible fact, known by some 
bastard reasoning, as Plato said, or by a kind of natural revelation, as 
Malebranche thought. The Ideas are then like the laws according to which 
this matter is organized to constitute a World, but it isn’t necessary that this 
World exist to realize in a concrete way the perfection of the Ideas.

Such an epistemology can make sense in regard to physical reality; it 
certainly does not in regards to mathematical reality. The cut between the 
dialectic and mathematics cannot in effect be envisaged. It is necessary 
on the contrary to clarify a mode of emanation from one to the other, a 
kind of procession that connects them closely and does not presuppose the 
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contingent interposition of a Matter heterogeneous to the Ideas. This 
engagement of the abstract in the genesis of the concrete is a ‘transcenden-
tal’1 interpretation of the governing relation that can be better accounted 
for. We intend to show by this that an effort of understanding adequate to 
the dialectical Ideas, by the very fact that it applies to knowing the internal 
connections of this dialectic, is creative of systems of more concrete notions 
in which these connections are asserted. The genesis is then no longer 
conceived as the material creation of the concrete from the Idea, but as 
the advent of notions relative to the concrete within an analysis of the 
Idea. This transcendental conception of the relation of governing that is 
narrowly applied to the case of the relation between the dialectic and 
mathematics is not however limited to this case. It happens to be in effect 
that independently of any reference to mathematical philosophy, Heidegger 
has presented analogous views to explain how the production of notions 
relative to concrete existence arise from an effort to understand more 
abstract concepts.2

Heidegger’s analysis is based on the distinction between being and entity. 
The truth of being is, in the vocabulary of phenomenology, an ontological 
truth, relative to the essence. The truth of what exists is ontic, and relative 
to the effective situations of concrete existence. The distinguishing feature 
of the entity is to manifest itself, to be revealed, but this revelation is only 
possible ‘guided and clarifi ed by an understanding of the being (the consti-
tution of being: what something is and how it is) of entities’ (Heidegger 
1969, 21, 23 [1938, 56]). In this way therefore, if it belongs to the ontic 
truth to be the ‘manifestness of the entity’ (21), the ontological truth is 
quite different, it is ‘disclosure’ (117) understood ‘as the truth about being’ 
(23). We are going to see how, in the analysis of the disclosure of being, a 
general theory of these acts is constituted which, for us, are geneses, and 
that Heidegger calls acts of transcendence or of surpassing.

Here are the principal moments of the disclosure of being: it comes pri-
marily from the act of asking a question about something, this does not nec-
essarily mean that the thing to which a question is thus posed is conceived 
in its essence. This prior delimitation to that about which knowledge is 
possible, but which is not yet knowledge of the concept of being, Heidegger 
calls the pre-ontological understanding. It precedes the formation of the con-
cept of being, an act by which a structure is disclosed to the intelligence 
that thus becomes capable of outlining the set of concrete problems relat-
ing to the being in question. What then happens, and this for us is the 
fundamental point, is that this disclosure of the ontological truth of being 
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cannot be done without the concrete aspects of ontic existence taking 
shape at the same time:

One characteristic stage is the project of the constitution of the Being 
of the entity whereby a determinate fi eld of being (perhaps nature or 
history) is, at the same time, marked off as an area that can be objectiv-
ized through scientifi c knowledge. (Heidegger 1969, 23 [1938, 57])

According to this text, a same activity is therefore seen to divide in two, or 
rather act on two different planes: the constitution of the being of the 
entity, on the ontological plane, is inseparable from the determination, on 
the ontic plane, of the factual existence of a domain in which the objects of 
a scientifi c knowledge receive life and matter. The concern to know the 
meaning of the essence of certain concepts is perhaps not primarily ori-
ented towards the realizations of these concepts, but it turns out that the 
conceptual analysis necessarily succeeds in projecting, as an anticipation of 
the concept, the concrete notions in which it is realized or historicized.

The distinction between essence and existence, and in particular the 
extension of an analysis of the essence in genesis of notions relating to the 
entity, are sometimes masked in the philosophy of Heidegger by the impor-
tance of existential considerations, relating to being-in-the-World, as they 
appear in Being and Time. But in the second part of The Essence of Reason 
(1969 [1929]), Heidegger relies precisely on the distinction between the 
ontological point of view and ontic point of view to explain the link that 
exists between human reality and existence-in-the-World. The concept of 
World for Heidegger does not signify the simple totality of entities in gen-
eral. It is an ontic notion, exclusively related to human reality, to effective 
situations of man in the world. Heidegger does not support the thesis 
according to which being-the-World would properly belong to the essence 
of human reality, ‘for it is not necessary that the sort of being we call 
human . . . exists factically. It can also not be’ (43, 45 [67]). On the other 
hand, it is necessary to recognize that being-in-the-world cannot be attrib-
uted to human reality. Whether it is a matter of the fi nite world in which 
the religious destiny of man is hanging in the balance, the world organized 
into subjective knowledge of phenomena by the human mind, or the world 
in which it is given to man to be man, the World always reveals itself, on 
the ontic plane of existence, as ‘that for the sake of which [human reality] 
exists’ (85 [88]). Conversely, by considering the idea or essence of human 
reality this time on the ontological plane, it is necessary to recognize that its 
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‘basic constitutive feature’ is ‘being-in-the-world’ (81, n. 55). If the con-
cept of the World is revealed as that ‘for the sake of’, it is of the essence 
of human reality to be the ‘intention’ directed towards this purpose. In 
‘the essence of its being’, human reality ‘is such that it forms the world’ 
(89 [90]). The purpose returns to the intention, just as the ontological 
analysis of intention outlines the notions that constitute the purpose in 
which this intention is realized.

Heidegger thus describes, as we have just seen, a genesis of the ontical 
concept of the World from the idea of human reality. His primordial inter-
est is therefore concerned with the problem of the Self, but this primacy 
of anthropological preoccupations in his philosophy should not prevent 
his conception of the genesis of notions relating to the Entity, within the 
analysis of Ideas relating to Being, from having a very general bearing: he 
himself applies them moreover to physical concepts:

The preliminary defi nition of the being (understood here as what some-
thing is and how it is) of nature is established in the ‘basic concepts’ of 
natural science. . . . space, locus, time, movement, mass, force, and 
velocity are defi ned in these concepts . . . (23, 25 [57])

These scientifi c concepts concern the entity, and not being. They do ‘not 
include authentic ontological concepts of the being of the entity’ (25 
[57–58]) that is put into question by this science.

Whether it is therefore about the Self, or about Nature, Heidegger identi-
fi es the grounding, rational activity of founding (Begründung), which is 
knowledge by Ideas, and the creative activity of foundation (Gründung) 
which constitutes, in the complexity of its internal relations, the world 
of the entity. Grounding intervenes as soon as the Leibnizian question of 
knowing why something exists is posed. ‘A preconceptual, prior under-
standing of what something is, of how it is, and even of being (nothing) lies 
implicit in the Why, no matter how it is expressed’ (115 [103]). The Why is 
therefore not a pure interrogation. The notion of being that it implies 
is already an answer and grounding, disclosure of ontological truth. The 
passage from this disclosure of the essence to the different possible forms of 
existence appears as soon as it is realized that the enquiry into the why is 
inseparable from the consideration of the possibles implied in rather than 
(why something exists rather than another thing, or rather than nothing). 
Grounding is in effect naturally extended in outline of potential entities: 
‘By its very essence, ontological founding opens marginal realms of the 
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possible’ (125 [108]). But there is more, and the principle of suffi cient 
reason is only a logical principle, destined to legitimize the real by remov-
ing what the real is not. For Heidegger it is a transcendental principle that 
the determination of the entity necessarily relies on a creative freedom 
rooted in the ontological constitution of the being that determines. It is 
thus that grounding gives rise to the formation of a project of the World, in 
which the creative freedom of the founding power is asserted (in the dual 
sense of founding and foundation). If to this is added, about human reality 
at least, that there is reciprocity between the constitution of the World 
by the project that descends towards it and the fact that existence in the 
world only makes sense by ascending again to human reality whose world 
constitutes the purpose, one understands ‘the threefold transcendental dis-
persion of grounding in the project of world, preoccupation with the entity, 
and the ontological founding of the entity’ (121 [106]).

It is possible, in the light of these conceptions of Heidegger, to see the 
utility of mathematical philosophy for metaphysics in general. Whereas for 
all the questions that do not come out of the anthropology, Heidegger’s 
indications remain, despite everything, very brief, one can, in regards to 
the relations between the Dialectic and Mathematics, follow the mecha-
nism of this operation closely in which the analysis of Ideas is extended 
in effective creation, in which the virtual is transformed into the real. 
Mathematics thus plays with respect to the other domains of incarnation, 
physical reality, social reality, human reality, the role of model in which 
the way that things come into existence is observed.

1. THE GENESIS OF MATHEMATICS FROM THE DIALECTIC

The notion of genesis implying a certain order of the before and the after, 
it is fi rst necessary to specify the type of anteriority of the Dialectic with 
respect to Mathematics. It cannot be, we have already seen, a matter of the 
chronological order of creation. This is not the order of knowledge, because 
the method of mathematical philosophy is analytical and regressive. It arises 
from the global apprehension of a mathematical theory to the dialectical 
relations that this theory incarnates, and it is not a question of determining 
an a priori, prior knowledge of which would be necessary to understanding 
mathematics. The order implied by the notion of genesis is not about the 
order of the logical reconstruction of mathematics, in the sense in which 
from the initial axioms of a theory follow all the propositions of the theory, 
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because the dialectic is not part of mathematics, and its notions are unre-
lated to the primitive notions of a theory. We have already defi ned, in our 
thesis (Lautman 1938b), the priority of the dialectic as that of ‘concern’ or 
the ‘question’ with respect to the response. It is a matter of an ‘ontological’ 
anteriority, to use the words of Heidegger, exactly comparable to that of 
the ‘intention’ in regards to that ‘for the sake of’. Just as the notion of ‘for 
the sake of’ necessarily refers to an intention oriented towards this pur-
pose, it is of the nature of the response to be an answer to a question 
already posed, and this, even if the idea of the question comes to mind only 
after having seen the response. The existence of mathematical relations 
therefore necessarily refers back to the positive Idea of the search of similar 
relations in general.

Having established this point allows us to specify that which constitutes 
the essence of the Ideas of the Dialectic. First of all let us point out that we 
distinguish notions and dialectical Ideas. The Ideas envisage possible rela-
tions between dialectical notions. Thus we examined in our thesis (Latman 
1938b) the Ideas of the possible relations between pairs of notions such as 
whole and part, situational properties and intrinsic properties, basic 
domains and the entities defi ned on these domains, formal systems and 
their realization, etc. The essential difference between the nature of 
mathematics and the nature of the Dialectic can be inferred from these 
defi nitions.

While the mathematical relations describe the connections that in fact 
exist between distinct mathematical entities, the Ideas of dialectical rela-
tions are not assertive of any connection whatsoever that in fact exists 
between notions. Insofar as ‘posed questions’, they only constitute a prob-
lematic relative to the possible situations of entities. It then happens to be 
once again exactly as in Heidegger’s analysis, that the Ideas that constitute 
this problematic are characterized by an essential insuffi ciency, and it is 
yet once again in this effort to complete the understanding of the Idea, that 
more concrete notions are seen to appear relative to the entity, that is, true 
mathematical theories. First of all, insofar as Ideas of possible relations, 
these Ideas are free from all constraints that always bring, in an effective 
realization, the matter upon which one works. They do not participate as 
either more or less, and ignore all determinations of sense, sign, degree, 
without which nothing would exist. Moreover, being only outlines of pos-
sible positions, they do not necessarily bring about the existence of particu-
lar entities capable of supporting the relations they sketch. To think them 
fully, it is necessary then to rely on some example, perhaps foreign to their 
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very nature, but that thus gives shape, at least for thought, to the necessary 
matter. So that the example supports the idea, it is then necessary to pro-
vide a whole series of precisions, limitations, exceptions, in which mathe-
matical theories are asserted and constructed. Heidegger seems moreover 
to have meant something like this in writing about scientifi c concepts:

Original ontological concepts must instead be obtained prior to any 
scientifi c defi nition of ‘basic concepts’, so that only by proceeding from 
them will we be in a position to evaluate the manner in which the basic 
concepts of the sciences apply to being as graspable in purely ontological 
concepts. (Heidegger 1969, 25 [1938, 58])

The restrictions and delimitations in question in this text should not be 
conceived as an impoverishment, but on the contrary as an enrichment of 
knowledge, due to the increase in precision and the certainty provided. 
The more the individual character and the very structure of particular 
mathematical theories is asserted, the more fertile the Ideas thereby appear 
which, as defi ned by a non-lived history, the philosopher recognizes at the 
origin of theories.

All that remains now is the elucidation of one point, that of the tran-
scendence of Ideas. Note fi rst the special sense that Heidegger gives to this 
term in his philosophy. When it is of the essential nature of a thing to go 
beyond itself in order to go towards an entity exterior to it, without which 
this thing would no longer be conceived as existing, this going beyond 
of the subject towards the entity, this is transcendence. It follows that tran-
scendence properly belongs to human reality, which could not be con-
ceived otherwise than as oriented towards the world. In thus describing 
transcendence as an act of bringing together, and not as a state of separa-
tion, Heidegger does not mitigate the ontological distinction that separates 
the disclosure of being and the manifestation of the entity, but he insisted 
on the fact that the genesis and the development of the entity was the 
necessary extension of an effort of disclosure of being. In regards to the 
relation of the Ideas of the Dialectic to mathematics an analogous situation 
can be described. Insofar as posed problems, relating to connections that 
are likely to support certain dialectical notions, the Ideas of this Dialectic 
are certainly transcendent (in the usual sense) with respect to mathematics. 
On the other hand, as any effort to provide a response to the problem of 
these connections is, by the very nature of things, constitution of effective 
mathematical theories, it is justifi ed to interpret the overall structure of 
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these theories in terms of immanence for the logical schema of the solution 
sought after. An intimate link thus exists between the transcendence of 
Ideas and the immanence of the logical structure of the solution to a dia-
lectical problem within mathematics. This link is the notion of genesis 
which we give it, at least as we have tried to grasp it, by describing the 
genesis of mathematics from the Dialectic.
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CHAPTER 2
The Analytic Theory of Numbers

It follows from the preceding pages that, while it is necessary that mathe-
matics exists, as examples in which the ideal structure of the dialectic can 
be realized, it is not necessary that the examples which correspond to a 
particular dialectical structure are of a particular kind. What most often 
happens on the contrary is that the organizing power of a same structure 
is asserted in different theories; they then present the affi nities of specifi c 
mathematical structures that refl ect this common dialectical structure in 
which they participate. It is in this regard that we propose to envisage 
certain results of analytic number theory.

It is a matter of the results relative to whole numbers, therefore to an 
essentially discontinuous set, and whose proof calls for the continuous 
functions of analysis. Some of these results, like those on quadratic reci-
procity, are also capable of being proved in a purely algebraic way and 
without any analytic means. Others on the contrary, for example those that 
are related to the distribution of prime numbers, have never been proved 
other than using the famous Riemann function ( )sg . Mathematicians are 
sometimes concerned, for ‘aesthetic’ reasons, to eliminate analysis from 
arithmetic. On the other hand, it is for reasons that depend on the very 
nature of their conception of the problem of the foundation of mathemat-
ics that most theorists of contemporary mathematical logic judge this 
‘purifi cation’ of arithmetic of any analytic elements as extremely desirable. 
Whether it is an undertaking to reconstruct all of mathematics from the 
single notion of the whole number, or the requirement to at least reduce 
the consistency of analysis to that of arithmetic, it seems that it will always 
rely on the idea that arithmetic is metaphysically anterior to analysis, and 
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that calling upon analysis to prove arithmetic results is consequently con-
trary to the natural order of things. In any case, whatever the effort dis-
pensed on this route, it does not currently appear that it will ever be 
possible, for example in the theory of prime numbers, to eliminate analysis 
from arithmetic. If this negative result is then compared with the proof by 
Gödel of the impossibility of formalizing a supposedly consistent proof of 
the consistency of arithmetic without appeal to means that exceed arith-
metic, it can lead to thinking that it is incorrect to consider arithmetic as 
fundamentally simpler than analysis.

The relations that support these two mathematical disciplines will per-
haps appear more clearly if, instead of trying to eliminate analysis from 
arithmetic, we wonder why it is possible to prove arithmetic results by 
analysis. At least in regards to the facts that will be considered later, it is 
possible to provide an extremely precise response to this problem: the 
demonstration of certain results related to whole numbers relies on the 
properties of certain analytic functions, because the structure of the ana-
lytic means employed is already accorded to the structure of the arithmetic 
results sought after. More precisely, from a close structural imitation 
between analysis and arithmetic, the idea of certain dialectical structures 
can be identifi ed, anterior to the diversifi cation of distinct theories in math-
ematics, and such that arithmetic and analysis, far from being respectively 
simpler and more complex than one another, are on the same plane and of 
equal status, the realizations of this dialectic which governs them.

1. THE LAW OF RECIPROCITY

Here is what the quadratic reciprocity consists of for ordinary whole num-
bers (that is, in the fi eld of rational numbers): m is said to be a quadratic 
residue modulo p (m and p are relatively prime) if an integer x exists such 
that ( . )modm x p2/ , that is, such that m – x2 is a multiple of p. Legendre 
introduced into arithmetic a symbol of quadratic residue (m/p) which is +1 
if m is quadratic residue mod. p and –1 in the contrary case. Consider now 
two positive odd integers a and b. They satisfy the fundamental law of 
reciprocity

(I) ( )
b
a

a
b 1 .a b

2
1
2
1

= -
- -` `j j
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Assuming for example ( . )moda b 1 4/ / , we have, by virtue of I:

(II)  b
a

a
b=` `j j or b

a
a
b 1= =` `j j

In this case, if a  is quadratic residue modulo b, b is quadratic residue mod. 
a . The relations (I) and (II) therefore allow those cases to be recognized in 
which two whole numbers are likely to exchange their respective roles in 
a same algebraic relation. By considering the symbols

b
a` j and a

b` j
as the inverse of each other, a mathematical situation can therefore 
be seen in the relations established by the law of quadratic reciprocity 
responding to the following structural problem: given two terms that are 
the inverse of one another, in what way can an exchanging between their 
respective roles be conceived?

It has been possible to generalize the relations of reciprocity in two 
different ways: fi rst by considering the algebraic integers of any fi eld and 
not only the ordinary integers of the fi eld of rational numbers. And then 
by defi ning symbols for the integers of this fi eld, analogous to those of 
Legendre, but that are attached to more general properties: it is in this way 
that Hilbert envisaged not only the numbers congruent to a square, but the 
numbers congruent to a power of degree l 22  or the numbers congruent 
to the norm of a number of the fi eld. The particular case of quadratic reci-
procity is thus related to the general law of reciprocity of which there cur-
rently exist, through the work of Hilbert, Takagi, Artin, Hasse, Herbrand 
and Chevalley, purely algebraic proofs. There also exists, as regards quad-
ratic reciprocity in the case of any fi eld, transcendental methods, due to 
Hecke, that have considerable philosophical interest for us, in regards to 
a problem that is just as important, to show that the use of continuous 
functions allows arithmetic results to be obtained, because these functions 
satisfy the structural relations which preform those that are sought after to 
be obtained between whole numbers.

Here is the main part of Hecke’s method, according to the summary that 
he himself gives:1 let ~  be a number of the considered fi eld, whole or frac-
tional, but distinct from 0; to ~  a certain sum of terms are coordinated, this 
sum defi nes a new number called a Gauss sum ( )C ~ . The Gauss sums 
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( )C ~  attached to ~  are then considered, and ( )C 1 4~-  attached, not 
directly to the inverse 1 ~ , but the number 1 4~-  formed from this 
inverse. Between ( )C ~  and ( )C 1 4~-  there exists a reciprocal relation 
that unites the value of the fi rst to that of the second, and it is from this 
relation of reciprocity between Gauss sums that the law of quadratic reci-
procity between whole numbers is proved.

The crucial point of the method therefore lies in the establishment of the 
reciprocal relation between ( )C ~  and ( )C 1 4~- . For this (by taking 
the fi eld of rational numbers as the base fi eld) the function of a complex 
variable ( )i x  is envisaged defi ned as follows:

(III)  
( ) e m

m

m
2

i x =
3

3
rx-

=-

=+

/

This theta series converges for all values of x  of positive real parts, and 
the function ( )i x  admits as a singular line the imaginary axis. It then hap-
pens to be that in the neighborhood of a singular point ir2x =  (r being a 
rational number) the function becomes infi nite, but the expression

(IV)  ( )lim ir2
0
x i x+

x=

takes a fi nite value. This limit is precisely, to a number of factors of no great 
importance, the Gauss sum of C(– r) corresponding to the number – r. It 
will be further demonstrated that the function ( )i x  obeys the functional 
equation:

(V)  
( )1 x i xi x =` j

so that a relation can in particular be obtained between the comportment 
of ( )i x  at the point ir2x =  and the comportment of ( )i xl  at the point

2ir r
i1
4
2x = =-l

However, if for ir2x =  the expression (IV) tends towards a limit which is 
of the order of C(– r), for i r1 2 4x x= =-l , it tends towards a limit which 
is of the order of C(1/4r). A reciprocal relation between C(r) and C(–1/4r) 
can therefore be deduced from the functional equation (V) from which the 
law of ordinary quadratic reciprocity follows.
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The transcendent proof of the law of quadratic reciprocity is essentially 
built on the functional equation (V). This equation represents a ‘transfor-
mation formula’ of theta functions, absolutely independent of arithmetic 
theorems of reciprocity. However a possible exchange of roles between 
notions is also observed, which to a certain extent can be considered as the 
‘inverse’ of one another: the value of a function at a point x  and the value 
of this function at point 1 x . It is in this sense that we could say above that 
the analytical tool, that is, the functions, serves to prove an arithmetic 
result, because the structure of the tool and that of the result both partici-
pate in a same dialectical structure, one that poses the problem of the 
reciprocity of roles between elements inverse to one another.

This dialectical idea of reciprocity between inverse elements can be so 
clearly distinguished from its realizations in arithmetic or in analysis that it 
is possible to fi nd a certain number of other mathematical theories in which 
it is similarly realized. There is at least one, which not only thus presents the 
close affi nities of structure with the previous theories, but is directly involved 
in the proof of the functional equation corresponding to (V), in the more 
general case of an arbitrary fi eld k. This is the theory of the ‘difference’ of 
algebraic fi elds. In this theory two series of numbers belonging respectively 
to two distinct ideals of the fi eld k are brought together, such that: (1) the 
ideals in question can be conceived as the inverse of one another (in a broad 
sense, distinct from the usual narrow sense); (2) The numbers belonging 
respectively to these inverse ideals, in the broad sense, can exchange the 
roles of coeffi cients and unknowns in a set of linear equations.

Here’s how this theory plays a part in the proof of the general formula of 
transformation of theta functions. Let n be the relative degree of the fi eld 
k, all the conjugates k (p) of which are assumed to be real. Consider in place 
of the function defi ned in III, the function

(VI)  ( , )t ea ( )t t( ) ( )
n
n

1
1 2 2

i = fr n n- +/
in which t1 . . . t

n
 are complex variables with real positive parts, and in 

which ( ) ( )n1 fn n  represent the n conjugated values of a number n  that 
goes through all the numbers of an ideal a of the fi eld once and once only. 
The theta function thus defi ned is therefore attached to this ideal a. The 
transformation equation that it satisfi es is the following:

(VII)  
( , )

( )
,t

N d t t t
1 1a

a
b

n1f
i i= ` j
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N(a) is the norm of the ideal a, d the discriminant of the fi eld and b an ideal 
that may be characterized as both the inverse and as the reciprocal of a. 
It is defi ned in effect as follows: let a  be any number of a. The ideal b is 
formed of all the numbers b  of the fi eld that satisfi es the equation:

(VIII) whole number( ) ( ) ( ) ( )n n1 1 fb a b a+ =

and that for all a  of a. It is proven that the product of two ideals ab forms 
an ideal independent of a and only depends on the fi eld k. This ideal being 
the inverse (in the usual sense) of an ideal integer of the fi eld, the different 
d is represented by l/d. We therefore have

; ;ab d
1 a bd

1 b ad
1= = =

It is in this broad sense that a and b can be considered as the inverse of one 
another. They are in addition reciprocal since in equation (VIII) the a  can 
also be taken as given and the b  as unknown which reverses their respec-
tive roles. This reciprocity of the two ideals is therefore defi ned independ-
ently of its application to the proof of quadratic reciprocity, and nevertheless 
plays a part in this proof as shown in formula (VII). Just as it passes from a 
function of t to a function of l/t, it passes from a function attached to the 
ideal a, to a function attached to the inverse and reciprocal ideal b = l/ad.

Hecke’s transcendent proof therefore shows the convergence of three 
orders of mathematical facts: the facts of analysis – the transformation for-
mulas of i  functions; the facts of algebra – the defi nition of the different of 
a body; of facts of arithmetic – quadratic reciprocity; and this convergence 
is explained only by the common dialectical structure in which these three 
theories participate.

It is impossible to conceive this problem of the reciprocity of the roles of 
inverse elements without also seeing its link with the duality theorem in 
topology. We have already, in our thesis (Lautman 1938b), insisted on the 
logical framework of this theory. It defi nes invariants called Betti numbers 
for an n- dimensional ‘manifold’ of dimension 0, of dimension 1 . . . of 
dimension n, and Poincaré’s theorem asserts, in the case of an orientable 
manifold, the identity of the Betti numbers of dimension n – m and those 
of dimension ( )m m n0 # # .

The numbers n – m and m, whose sum is constant, can still be conceived, 
in a new sense it is true, as the inverse of one another, and the identity of 
Betti numbers corresponding to the dimension n – m and m can be conceived 
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as an exchange of roles between these dimensions. The structural affi nity 
of this theory with the theories of reciprocity which have been discussed 
above is manifest, and until very recently, however, it seemed that there 
was no link between them. A recent indication by Andre Weil (1938, 86) 
nevertheless shows that in certain cases, an approximation can be carried 
out between the laws of reciprocity and the duality theorems. Here again, 
the convergence of different mathematical theories results from the affi n-
ity of their dialectical structure.

2. THE DISTRIBUTION OF PRIMES AND THE MEASUREMENT 
OF THE INCREASE TO INFINITY

The existence of primes in the series of whole numbers has always seemed 
to present the type of mathematical facts as objective, as independent of 
any prior intellectual construction, as the most manifest physical facts. The 
passage from 15 to 16 and that from 16 to 17, for example, are done by 
the same act: the addition of unity to the preceding number, and yet the 
second operation gives a very different result from the fi rst, since 17 is 
prime and 16 is not. What thus confers on the primes their objective char-
acter is the unpredictability of their coming. Arithmeticians since Euclid, 
but especially since Euler, have sought to progressively reduce this unpre-
dictability in the occurrence of primes, and have tackled the problem from 
several sides. What was the nth prime, was sought to be determined a priori 
for any n; what was the interval separating two consecutive primes; how 
are primes distributed within the different geometric progression of reason 
k; what was the number of primes below a given number, etc. Some of this 
research provided extremely rich results, some was less advanced. It is 
thus, for example, that ‘there are strong indications . . . that there exists an 
infi nity of pairs of primes differing only by 2 (such as 17, 19 or 10 006 427, 
10 006 429)’2 but there is still no proof of the hypothesis in question.

We intend to examine briefl y here the results related to the best approx-
imate determination of the number of primes below a given number x, and 
this for two reasons. First, in accordance with the purpose of this essay, 
because the theory relative to this number ( )xr  is essentially an analytic 
theory, it even constitutes the most classic part of analytic number theory. 
And second, because we can verify, at least in the particular case of this 
theory, one of the claims of our principal thesis (Lautman 1938b): mathe-
matical reality does not lie in the greater or lesser degree of curiosity that 
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can present isolated mathematical facts, but only in the dependence of a 
mathematical theory with respect to a dialectical structure that it incarnates. 
Research relating to the number ( )xr  proceeds from a fi rst concern of curi-
osity about primes, but its success is due to the fact that it was possible to free 
oneself from this easy and sensible aspect of things, and to express the prob-
lem of determining ( )xr  in abstract terms that puts a more hidden structure 
into play, and of which the theory of analytic functions already offered a 
mathematical realization. It is in this connection of the arithmetic problem 
to a dialectical problem already resolved in an analytic theory that the real-
ity inherent to the arithmetic theory lies, and by this the problem of know-
ing why the results of this theory are proven analytically is also resolved.

It is easily noticed that ( )xr , which represents the number of primes that 
do not exceed x, increases to infi nity with x, and the problem arises of 
expressing, for x tending towards infi nity, ( )xr  as a function of x. It is this 
problem that has been resolved, each time in a more precise way, by the 
work of Legendre, Gauss, Tchebicheff, Riemann, Hadamard, La Vallée 
Poussin, Landau, etc. A fi rst result gives,

for x " 3 , 
( )

log
x

x
x

"r
.

This arithmetic theorem is closely connected to the properties of Riemann’s 
continuous function ( )sg

( )s
n
1
8g =; E/

n goes through the whole numbers from 1 to infi nity, and s itv= +  with 
12v . The previous formula can in effect be proven by relying on the fact 

that ( )sg  has no zero on the straight line 1v =  of the complex plane, and 
conversely, from the proposition

( )
log

x
x
x

x
"r

"3

assumed to be true, the proposition related to the absence of zeros of ( )sg , 
on the straight line 1v = , can be proven. These two propositions are 
therefore equivalent, but scarcely any intuitive logical reason for this 
equivalence can be seen. We are going to see on the contrary a reason of 
this kind appear in a more advanced study of ( )xr .
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If the nature of the link sought after between ( )xr  and x is examined, it 
is realized that it is a matter of comparing the respective rapidity of two 
quantities increasing to infi nity, constantly increasing, and one of which, 
x, is always the upper possible limit of the values of the other. Instead of 
envisaging two increasing quantities, one of which is the upper limit of the 
other, two quantities can still be considered, one of which is an independ-
ent variable increasing to infi nity, and the other is a constantly increasing 
function of the fi rst. Thus, for example, the radius r and the area of the 
circle for r tending towards infi nity. The comparison of their mode of 
increase is a problem logically analogous to the one that arises in connec-
tion with ( )xr  and x. Just as it is always ( )x x#r , the determination of the 
circumference of any circle of radius r, ipso facto sets the maximum area of 
any circle of radius t , such that r0 # #t . Instead of envisaging the area 
of the circle, any function f(r) can still be considered, provided that it is 
constantly increasing as r tends towards infi nity, and it is thus precisely 
the point of view of the measurement of their rapidity of increasing 
with respect to the radius of their defi nitional circle, that certain analytic 
functions connected to the function ( )sg  are introduced in the theory of 
primes.

It is a matter of analytic integral functions, that is, which only have sin-
gularities at infi nity. Let f(z) be such a function and M the maximum of its 
modulus in the circle z r# . It is proved that the function reaches the 
maximum of its modulus M = M(r) for z r=  and that consequently this 
function M(r) is a constantly increasing function of r when r tends towards 
infi nity. Consider then the expression:

(IX) 
( )log

r
r

r
M for " 3b

.

If a real value of b  exists, such that the expression (IX) always remains 
lower than a constant K, there is a unique number 0$~ , such that it also 
has place for 2b ~  for any b . The number is called the order of the func-
tion f(z). The research of the order of an integral function f(z) therefore 
comes back to comparing the rapidity of increase of an increasing function, 
dependant on the integral function [of the kind log M(r)], with the rapidity 
of the increase of successive powers of the radius. We fi nd here again the 
structural idea, identifi ed above, in regards to any magnitude f(r), increas-
ing function of an independent variable r.
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The integral function, attached to ( )sg , which plays a part in the theory 
of primes is the following:3

( ) ( ) ( )s s s s s
2
1 1

2
1

2

1
sp r gC= - - ` j

By calling M(r) the maximum modulus of ( )sg  for s r=  we have:

(X)  ( )~log logr r r
2
1M

or again 

( )

log

log

r r

M r

2
1

1"

 for r " 3

This fundamental relation allows the comparison of the rapidity of increase 
of M(r) and of r. From this relation another relation is deduced concerning 
the increase of

( )

( )

s
s

g
gl

in a certain region of the complex plane s itv= + , when t tends 
towards !3 . This region is such that it always has t1$v ah- ^ h, with 
0 1# #a  and in which ( )th  is a decreasing function of t satisfying certain 
conditions, which it is unnecessary to present here. It is suffi cient to have 
indicated that for a function ( )th  satisfying these very specifi c conditions, 
we have

(XI)  ( )

( )
( )log

s
s

t0 2

g
g

=
l

 with 
( )

t
t1

"!3
$v ah-

which means that

( )

( )

log t
s
s

2

g
gl

always remains below a constant quantity.

 ( ( )

( )

s
s

g
gl

 is of the order of log t2 ).
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All that we now have to show is how the transposition of these measures 
of increase in arithmetic is done. Just as we compared M(r) to r, we claim 
to compare ( )xr  to x. Instead of taking ( )xr  on directly, arithmeticians fi rst 
envisage another arithmetic function ( )x} , whose increase with respect 
to x is closely connected to that of ( )xr . This function is in addition, like 
( )xr , a discontinuous arithmetic function. It is defi ned as

( ) logx p
p xm

} =
#

/
;

( )x}  is therefore the sum of logarithms of primes p, such that any power 
pm, for positive integer m, is less than x. The essential point of the theory 
consists therefore in passing from the consideration of the increase of the 
continuous function

( )

( )

s
s

g
gl

with respect to the increase of the variable t, to the consideration of the 
increase in the discontinuous function ( )x}  with respect to that of the 
variable x. The passage from the continuous to the discontinuous is carried 
out through the formulas that allow ( )x}  to be expressed according to

( )

( )

s
s

g
gl

For this the continuous function

( ) ( )x u du
x

1
0

} }= #

can be considered and the essential relation:

( )
( ) ( )

( )
x

i s s
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1
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1

1

0
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1
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2

is proved. The link between the continuous and the discontinuous being 
established, here are the results:

We deduce from (XI), for x tending to infi nity

( ) ( )x x xe0 loga x} = + -
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( ) ( )
log

x du xe0 log

u

x
a x

2
r = + -#

in which a is a positive constant absolute.4

We thus see in what sense it has been possible to speak of imitation or 
structural affi nity between analysis and arithmetic, the continuous and the 
discontinuous. The idea of comparing the rapidity of increase to infi nity of 
two constantly increasing quantities, and connect one to the other, is 
rationally anterior to the distinction between the continuous and the dis-
continuous. It can therefore be realized in theories as distinct as the theory 
of the increase of integral functions and the theory of the distribution of 
primes, just as we have seen above, the search for the possible exchange of 
roles between inverse notions realized in arithmetic, in algebra, in analysis, 
in topology. Each time it is a common participation in the same dialectical 
Idea, which explains the use of the analytical tool in arithmetic.

The convergence of theories which manifest the same structure thus 
confi rms, in a concrete way and as a posteriori, the results of the deduction 
that we attempted in the fi rst part: thought necessarily becomes involved 
in the elaboration of a mathematical theory as soon as it claims to resolve 
in a precise way a problem that could be raised in a purely dialectical way, 
but it is not necessary that the examples are taken from a particular domain, 
and in this sense, the various theories in which the same Idea is incarnated, 
similarly fi nd in it the reason for their structure and the cause of their 
existence, principle and origin. As in the philosophy of Heidegger, in the 
philosophy of mathematics, as we conceive it, the rational activity of foun-
dation can be seen transformed into the genesis of notions relating to 
the reel.

3. CONCLUSION

If the geneses that have been described in the preceding pages are com-
pared with those that have been studied in the second part of our principal 
thesis (Lautman 1938b), one cannot fail to notice the differences between 
these two kinds of genesis. Those described here concern the coming of 
mathematics from the Dialectic, whereas the schemas of genesis of our 
thesis concern the different ways, within mathematics proper, in which 
the structure of certain basic domains are adapted to bringing to the fore 
certain new entities defi ned on these basic domains. To understand the 
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reasons which led us to thus distinguish in mathematical philosophy at 
least two kinds of genesis, it is necessary to recall the two ways in which 
the reunion, in a same synthetic theory, of notions related to the continu-
ous and notions related to the discontinuous can be interpreted.

Following a study on the penetration of algebraic methods in analysis 
(See Lautman 1938a) we distinguish two types of possible relations 
between the theories of the continuous and those of the discontinuous: 
relations of imitation and the relations of expression. There is imitation 
when the structure of an arithmetic or algebraic theory and that of an ana-
lytic theory present affi nities comparable with those observed above in 
analytic number theory. We have seen in this case how the analysis of 
certain dialectical Ideas are extended in the genesis of a reality distinct 
from the Ideas: the theories in which these Ideas are realized. There is on 
the contrary a relation of expression between the discontinuous and the 
continuous when the algebraic or topological structure envelops the 
existence of analytic entities defi nable on this structure. It is thus that the 
topological properties of Riemann surfaces envelop the existence of abelian 
integrals attached to the surface, or more generally that a correspondence 
is established between algebraic entities and transcendental entities, for 
example between discontinuous groups and continuous functions. The 
structure of the former envelops the existence of the latter and inversely 
the existence of the former expresses or represents the structure of the 
latter. It is then in accordance with the general theory of geneses to also 
defi ne the passage from the structure of the domain to the existence of 
representations as a genesis, since this passage from essence to existence 
takes place from the structure of an entity to the assertion of the existence 
of other entities than the one whose structure was originally in play.

The result of this comparison is that no such difference separates the 
genesis of mathematical theories as a result of the Dialectic, from the gen-
eses that are carried out, within mathematics, from structures to existence. 
One could say in Platonic terms that the participation of Ideas among 
themselves obey the same laws as the participation of Ideas in the supreme 
genus and ideal numbers; in both cases, mathematical philosophy essen-
tially offers its services as the object to witness the eternally recommencing 
act of the genesis of a Universe.


